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Homotopy analysis methodAbstract The q-difference equations are kind of important problems in q-calculus and applied
mathematics. In this paper, the homotopy analysis method is extended to find approximate solution
for some of q-differential equations. The q-diffusion equation and some examples are analytically
investigated. The series solutions obtained by the proposed method are checked by reducing the
solutions of q-calculus problems to h-calculus approximate solutions when q ! 1.
 2016 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
At the last quarter of 20th century, q-calculus appears connec-
tions between physics and mathematics [1–9]. It has a lot of
applications in different applied science and various mathe-
matical areas, such as statistic physics fractal geometry, combi-
natorics, number theory, orthogonal polynomials, basic
hypergeometric functions, quantum theory and theory of rela-
tivity. The q-differential equations are used to modelling the
linear and nonlinear problems and played an important role
in different fields of engineering and science. Recently, the
semi-analytic techniques have been successfully employed to
solve linear and nonlinear q-difference models, such as the dif-
ferential transformation method [10–12], successive approxi-mation method [13,14], variational iteration method [15,16]
and homotopy perturbation method [17] and other methods.
The homotopy analysis method (HAM) [18–27] is one of the
semi-analytical techniques used most often for solving various
differential equations in h-calculus; in this study, the homo-
topy analysis method is extended to solve q-differential equa-
tions. The solutions obtained by the proposed method are
the semi-analytic solutions for the problems in h-calculus for
the parameter q ! 1. We describe some definitions and prop-
erties of the q-calculus when 0 < q < 1, let Tb be the timescales.
Tb ¼ qm : m 2 Zf g [ 0f g. The q-number corresponding to the
ordinary number k is defined as [28],
k½ q ¼
1 qn
1 q ¼ 1þ qþ    þ q
n1; ð1Þ
so that k is the limit of k½ q as q ! 1 and the q-binomial coef-
ficients are defined by:
k
i
 
q
¼ k½ q!
i½ q! k i½ q!
ð2Þ
where k½ q! ¼ 1½ q 2½ q . . . k½ q..doi.org/
2 M.S. Semary, H.N. HassanDeﬁnition 1. The q-derivative of a real continuous function
fðxÞ is defined as follows [28]:
dq
dqx
f xð Þ ¼ f qxð Þ  fðxÞðq 1Þx ; x – 0; q 2 ð0; 1Þ: ð3Þ
When q ! 1 it reduces to the standard derivative
dq
dqx
f xð Þ ! f0ðxÞ. Using the Definition 1 one can easily see that
the effect of q-derivative on the power function is as follows:
dq
dqx
x að Þk ¼ k½ qðx aÞk1; x; a 2 R; k 2 Nð Þ:
Deﬁnition 2. The partial q-derivative of a function fðx1; x2Þ to
a variable x1 is defined by [10]
@q
@q
fðx1; x2Þ ¼ fðqx1; x2Þ  fðx1; x2Þðq 1Þx1 : ð4Þ
Deﬁnition 3. The q-Leibniz rule for a q-derivative of a product
of two functions [10] is
dmq
dqxm
g xð Þf xð Þð Þ ¼
Xm
k¼0
m
k
 
q
dmkq
dqxmk
f qkx
  dkq
dqxk
g xð Þ; ð5Þ
and
dmkq
dqxmk
f qkx
 
x¼0
¼ ak;mk qð Þ
dmkq
dqxmk
f xð Þ

x¼0
ð6Þ
where
ak;mk qð Þ ¼
Xk
i¼0
Xmk
j¼0
ð1Þi 1 qð Þi i½ q!
k
i
 
q
m k
j
 
q
q
i i1ð Þ
2 þij
ð7Þ
ak;mk qð Þ is exists when iþ jmþ k ¼ 0 and equal zero
otherwise.
Deﬁnition 4. The q-integration is defined as [10]
Z x
0
f tð Þdqt ¼ 1 qð Þx
X1
i¼0
qif qix
 
: ð8Þ2. The homotopy preliminaries
Deﬁnition 5. Assume w be a function of homotopy-parameter
p, then
Dmq wð Þ ¼
1
m½ q!
@mq w
@qpm

p¼0
ð9Þ
is called the mth-order q-homotopy derivative of w, where
mP 0 is an integer.
Theorem 1. For homotopy-series wðx; pÞ ¼Pþ1i¼0 uiðxÞpi, then
ðaÞ Dmq wð Þ ¼ um ð10Þ
ðbÞ Dmq pwð Þ ¼ um1 ð11Þ
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(a) According to Taylor’s theorem [29,30], the series of w is
given byum ¼ 1½mq !
@mq w
@qpm

p¼0
, which given (a) by means of
the Definition 5 of Dmq wð Þ.
(b) According to homotopy series wðx; pÞ ¼Pþ1i¼0 uiðxÞpi,
then
Dmq pwð Þ¼Dmq p
Xþ1
i¼0
uip
i
 !
¼Dmq
Xþ1
i¼0
uip
iþ1¼
Xþ1
i¼0
uiD
m
q ðpiþ1Þ;methodDmq p
iþ1  ¼ 1 if iþ 1m ¼ 0
0 if iþ 1m– 0

ð12Þ
From (12), Dmq pwð Þ exists when i ¼ m 1 and zero
otherwise, thenDmq pwð Þ ¼ um1 Theorem 2. Let L be a linear operator independent of the homo-
topy parameter p. For homotopy series
w ¼
Xþ1
i¼0
uip
i; ð13Þ
then Dmq Lwð Þ ¼ L½Dmq wð Þ
Proof. Since L is independent of p, it holds
Lw ¼
Xþ1
k¼0
½Luipi; ð14Þ
taking mth-order q-homotopy derivative on both sides of the
above expression (14) and using Theorem (1a)
L:H:S ¼ Dmq Lwð Þ ¼ Dmq
Xþ1
k¼0
½LðukÞpk ¼ L umð Þ: ð15Þ
R:H:S ¼ L Dmq wð Þ
h i
¼ L umð Þ: ð16Þ
From Eqs. (15) and (16) then Dmq Lwð Þ ¼ L½Dmq wð Þ.
Theorem 3. Let a homotopy-series be
wðx; t; pÞ ¼
Xþ1
m¼0
umðx; tÞpm;
where p 2 ½0; 1;L an auxiliary linear operator independent of p
and u0 initial solution. Then
Dmq 1 pð ÞL w u0½ f g ¼ L um x; tð Þ  vmqm1um1 x; tð Þ
 	
; ð17Þ
where the operator Dmq wð Þ is defined by (9) and vm is defined by
vm ¼
0; m 6 1
1; m > 1

ð18Þ
Proof. Since L is a linear operator independent of p, then
1 pð ÞL w u0½  ¼ L w pwþ u0p u0½ :for q-diﬀerence equations, Ain Shams Eng J (2016), http://dx.doi.org/
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Dmq 1 pð ÞL w u0½ f g ¼ Dmq L w pwþ u0p u0½ f g
¼ L Dmq w pwþ u0p u0½ 
n o
¼ L Dmq wð Þ Dmq pwð Þ þ u0Dmq pð Þ
h i
¼ L um  um1 þ u0Dmq pð Þ
h i
which equals to L½um when m ¼ 1, and L½um  um1 when
m > 1, respectively. Thus using the definition (18) of vm, it
holds
Dmq 1 pð ÞL w u0½ f g ¼ L½um x; tð Þ  vmum1ðx; tÞ: 
Theorem 4. Let a homotopy-series be
w ¼
Xþ1
m¼0
umðx; tÞpm; ð19Þ
where p 2 ½0; 1;L is an auxiliary linear operator independent of
p;N is a nonlinear operator, u0ðx; tÞ is initial solution, h the con-
trol parameter and Hðx; tÞ an auxiliary function, respectively.
The zeroth-order deformation equation is given by
1 pð ÞL w u0½  ¼ phH x; tð ÞN½w: ð20Þ
The corresponding mth-order deformation equation ðmP 1Þ
reads
L um x; tð Þ  vmum1 x; tð Þ½  ¼ hH x; tð ÞDm1q N w½ ; ð21Þ
where the operator Dm1q is given by (9) and vm is given by (18).
Proof. Using Theorem 3, we have
Dm1q 1 pð ÞL w u0½ f g ¼ Dm1q fphH x; tð ÞN½wg ð22Þ
According to Theorem 3, it holds
Dm 1 pð ÞL w u0½ f g ¼ L½um x; tð Þ  vmum1ðx; tÞ: ð23Þ
According to Theorem (1b), one has
Dm1q phH x; tð ÞN w½ f g ¼ hH x; tð ÞDm1q pN w½ f g
¼ hH x; tð ÞDm1q N w½ f g ð24Þ
Substituting (23) and (24) into (22), one has the mth-order
deformation equation
L um x; tð Þ  vmum1 x; tð Þ½  ¼ hH x; tð ÞDm1q N½w: 
Theorem 5. For an arbitrary homotopy-series (19), it holds
Dmq w
2
  ¼Xm
k¼0
ak;mk qð Þumkuk; ð25Þ
where ak;mk qð Þ is given by (7) and mP 0 is positive integer.
Proof. According to Definition 5, Theorem (1a) and the q-
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2
  ¼ 1
m½ q!
@mq ðwÞ2
@qpm

p¼0
¼
Xm
k¼0
1
k½ q! m k½ q!
Dmkq wðx; pqkÞ
 
Dkq wð Þ
¼
Xm
k¼0
ak;mk qð Þukumk: 3. Analysis of method
Consider the nonlinear q-difference equation:
dmq
dqxm
f xð Þ þ g f; dq
dqx
f; . . . ;
dm1q
dqxm1
f
 !
 y xð Þ ¼ 0; ð26Þ
with boundary conditions
B u;
@u
@n

 
¼ 0; x 2 C; ð27Þ
where B is a boundary operator and C is boundary of the
domain X. The Eq. (26) can be written in the form
N f xð Þ½  ¼ 0: ð28Þ
where N is a nonlinear operator, x denotes independent vari-
able, and fðxÞ is an unknown function. From Eq. (20), we
can construct zeroth-order deformation equation as follows:
1 pð Þ d
m
q
dqxm
w x; pð Þ  f0 xð Þ½  ¼ phH xð Þ N w x; pð Þ½ ð Þ; ð29Þ
where p 2 ½0; 1 denotes the so-called embedding parameter.
h– 0 is a control parameter,H xð Þ is a non-zero auxiliary func-
tion, w x; pð Þ is an unknown function and f0 xð Þ is an initial
solution of fðxÞ. It is obvious that when p ¼ 0 and p ¼ 1,
Eq. (29) becomes
w x; 0ð Þ ¼ f0 xð Þ;w x; 1ð Þ ¼ f xð Þ ð30Þ
respectively. Thus as p increases from zero to one, the solution
w x; pð Þ varies from the initial solution f0 xð Þ to the solution
fðxÞ. The initial solution f0 xð Þ satisfies the conditions (27).
Expanding w x; pð Þ in the Taylor series [29,30] then
w x; pð Þ ¼ f0 xð Þ þ
Xþ1
m¼1
fm xð Þpm; ð31Þ
where
fm xð Þ ¼ Dmq w x; pð Þ

p¼0
; ð32Þ
To determine the higher order terms fm xð Þðm; 1; 2; . . .Þ define
the vector
f
*
iðxÞ ¼ ff0ðxÞ; f1ðxÞ; . . . ; fiðxÞg ð33Þ
From Theorem 4, the so-called mth-order deformation equa-
tion is
dmq
dqxm
½fmðxÞ  vmfm1ðxÞ ¼ hHðxÞRmð f
*
m1ðxÞÞ; ð34Þ
where
Rmð f
*
m1ðxÞÞ ¼ 1½m 1q!
@m1q ðN½wðx; pÞÞ
@qpm1

p¼0
; ð35Þmethod for q-diﬀerence equations, Ain Shams Eng J (2016), http://dx.doi.org/
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deformation Eq. (34) for mP 1 when HðxÞ ¼ 1 becomes
fmðxÞ ¼ vmfm1ðxÞ
þ
ZZ
. . .
Z
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
r
hRm f
*
m1ðxÞ

  
dqxdqx . . . dqx|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
r
þc0
þ c1xþ    þ cr1xr1
ð36Þ
where c0; c1; . . . ; cr1 are constants and can be calculated by
@mqB w x; pð Þ; @w x;pð Þ@n
 
@qpm

p¼0
¼ 0; ð37Þ
Starting by f0 xð Þ, we obtain the functions fm xð Þ for
m; 1; 2; 3; . . . form Eqs. (36) and (37) successively. Accordingly,
the M-th order of approximate solution of the problem (26)
and (27) is given by
f xð Þ ﬃ FM xð Þ ¼
XM
m¼0
fm xð Þ: ð38Þ4. Numerical examples
Example 1. Suppose the nonlinear q-difference equation is [15]
in the following form:
dq
dqx
f xð Þ þ f 2ðxÞ  1 ¼ 0; ð39Þ
and
f 0ð Þ ¼ 0: ð40Þ
For q ! 1, the problem (39) becomes
df xð Þ
dx
þ f 2ðxÞ  1 ¼ 0; ð41Þ
and has the exact solution
f xð Þ ¼ tanh xð Þ: ð42Þ
Now, apply the homotopy analysis method for the problems
(39) and (40). Choosing the initial solution f0 xð Þ ¼ zero, the
mth-order deformation Eq. (36) for mP 1 becomes
fmðxÞ ¼ vmfm1ðxÞ þ
Z
hRmð f
*
m1ðxÞÞdqxþ c0 ð43Þ
where c0 can be calculated by
fmð0Þ ¼ 0 ð44Þ
and by using Theorems 1 and 5, Rmð f
*
m1ðxÞÞ is defined by
Rmð f
*
m1ðxÞÞ ¼
dq
dqx
fm1ðxÞ þ
Xm1
k¼0
ak;m1kðqÞfkfm1k  ð1 vmÞ;
ð45Þ
Now giving the solution of mth-order deformation Eq. (43) as
follows:
f1 xð Þ ¼ hx;
f2 xð Þ ¼ h 1þ hð Þx;Please cite this article in press as: Semary MS, Hassan HN, The homotopy analysis
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h3qx3
1þ qþ q2 ;
f4 xð Þ ¼ h2 1þ hð Þ2 2 3q2 þ q3 þ 2q4 þ q5
 
x2
 h
4q 1 q2 þ q3 þ q5ð Þx4
1þ qþ q2 ;
f5 xð Þ ¼ h 1þ hð Þ4xþ
h3 1þ hð Þ2 3 2q2 þ 2q3 þ 2q4 þ q5ð Þx3
1þ qþ q2
 h
5q 1 q2 þ q3 þ q5ð Þx5
1þ qþ q2ð Þ 1þ qþ q2 þ q3 þ q4ð Þ ;
and so on. The analytic approximation solution is given by
f xð Þ ﬃ FM xð Þ ¼
XM
m¼0
fm xð Þ ð46Þ
and
dq
dqx
f xð Þ

x¼0
is given by [31]
dq
dqx
f xð Þ

x¼0
ﬃ dq
dqx
FmðxÞ

x¼0
¼ lim
x!0
dq
dqx
FmðxÞ ð47Þ
The value of h must be found. To find the valid region of h, the
h curve given by
dq
dqx
F5ðxÞ

x¼0
for different values of q is drawn
in Fig. 1, which clearly indicates that the valid region of h is
about 1:5 6 h 6 0:5. Also, it is clear from Fig. 1 that the
value did not change with the value of q that is consistent with
the problem, and from (39) and (40), we find that
dq
dqx
f 0ð Þ ¼ 1.
For q ! 1 the q-difference Eq. (39) is converted to the ordi-
nary differential Eq. (41). The analytic approximation solution
for the problem (41) when h ¼ 1, becomes
FM xð Þ ¼ x x
3
3
þ 2x
5
15
þ    ; ð48Þ
Eq. (48) is consistent with the exact solution (42) for problem
(41). This shows the accuracy of the method used.
Example 2. Suppose the q-analogue of an oscillator equation
[15,16] is in the following form:
d2q
dqx2
f xð Þ  fðxÞ ¼ 0 ð49Þ
and
f 0ð Þ ¼ 1; dq
dqx
f xð Þ

x¼0
¼ 1; ð50Þ
and has the exact solution exq which is the q-exponential func-
tion [15,16]. For q ! 1, the problem (49) becomes
d2f xð Þ
d2x
 f xð Þ ¼ 0; ð51Þ
and has the exact solution ex.
Now, applying HAM for the problem (49) and (50). By
choosing the initial solution f0 xð Þ ¼ 1þ x, the mth-order
deformation Eq. (36) for mP 1 becomes
fmðxÞ ¼ vmfm1ðxÞ þ
ZZ
hRmð f
*
m1ðxÞÞdqxdqxþ c0 þ c1x
ð52Þmethod for q-diﬀerence equations, Ain Shams Eng J (2016), http://dx.doi.org/
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fmð0Þ ¼ 0
dq
dqx
f xð Þ

x¼0
¼ 0 ð53Þ
And Rmð f
*
m1ðxÞÞ is defined by
Rmð f
*
m1ðxÞÞ ¼
d2q
d2qx
fm1ðxÞ  fm1ðxÞ ð54Þ
Now giving the solution of mth-order deformation Eq. (52) as
follows:
f1 xð Þ ¼ 
hx2
1þ q
hx3
ð1þ qÞð1þ qþ q2Þ ;
f2 xð Þ ¼ 
h 1þ hð Þx2
1þ q 
x3h 1þ hð Þ
1þ qð Þ 1þ qþ q2ð Þ
þ x
4h2
1þ qð Þ2 1þ q2ð Þ 1þ qþ q2ð Þ
þ x
5h2
ð1þ qÞ2ð1þ q2Þð1þ qþ q2Þð1þ qþ q2 þ q3 þ q4Þf3 xð Þ ¼ 
x2hð1þ hÞ2
1þ q 
x3hð1þ hÞ2
ð1þ qÞð1þ qþ q2Þ þ
2x4h2ð1þ hÞ
ð1þ qÞ2ð1þ q2Þð1þ qþ q2Þ þ
2x5h2ð1þ hÞ
ð1þ qÞ2ð1þ q2Þð1þ qþ q2Þð1þ qþ q2 þ q3 þ q4Þ
 x
6h3
ð1þ qÞ3ð1þ qþ q2Þ2ð1þ 2q2 þ q3 þ 2q4 þ q5 þ 2q6 þ q8Þ
 x
7h3
ð1þ qÞ3ð1þ q2Þð1 qþ q2Þð1þ qþ q2Þ2ð1þ qþ q2 þ q3 þ q4Þð1þ qþ q2 þ q3 þ q4 þ q5 þ q6Þand so on. The analytic approximation solution is given by
(38). A proper value of h must be found. To find the valid
region of h, the h curve given by
d2q
dqx2
F6ðxÞ

x¼0
for q ¼ 1
2
and
q ! 1 is drawn in Fig. 2, which clearly indicates that the valid
region of h is about 1:5 6 h 6 0:5. When h ¼ 1, the ana-
lytic approximation solution becomes
FM xð Þ ¼ 1þ xþ x
2
1þ qþ
x3
1þ qð Þ 1þ qþ q2ð Þ
þ x
4
1þ qð Þ2 1þ q2ð Þ 1þ qþ q2ð Þ
þ x
5
1þ qð Þ2 1þ q2ð Þ 1þ qþ q2ð Þ 1þ qþ q2 þ q3 þ q4ð Þ
þ    ;FM xð Þ ¼ 1þ x
1½ q!
þ x
2
2½ q!
þ x
3
3½ q!
þ x
4
4½ q!
þ x
5
5½ q!
þ    ¼
XM
i¼0
xi
i½ q!
ð55Þ
When f xð Þ ¼ limM!1FM xð Þ ¼ exq is an exact solution of (49).
The same result can be obtained by using the variational iter-
ation method [15,16]. For q ! 1; i½ q! ¼ i!, then Eq. (55)Please cite this article in press as: Semary MS, Hassan HN, The homotopy analysis
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PM
i¼0
xi
i!
. The limit f xð Þ ¼ limM!1PM
i¼0
xi
i!
¼ ex is an exact solution of (51).
Example 3. Suppose q-diffusion equation [10] is in the follow-
ing form:
@q
@qt
f x; tð Þ ¼ @
2
q
@qx2
f x; tð Þ ð56Þ
subjecting to the initial condition
f x; 0ð Þ ¼ exq ; ð57Þ
Eq. (56) allows the q-exponential distribution which describes
a non-equilibrium system. Applying HAM for the problem
(56) and (57) using the initial solution f0 x; tð Þ ¼ exq , the mth-
order deformation Eq. (36) for mP 1 becomes
fmðx; tÞ ¼ vmfm1ðx; tÞ þ
Z
hRmð f
*
m1ðx; tÞÞdqtþ c0 ð58Þwhere c0 can be calculated by
fmðx; 0Þ ¼ 0 ð59Þ
and
Rmð f
*
m1ðx; tÞÞ ¼ @q
@qt
fm1ðx; tÞ 
@2q
@qx2
fm1ðx; tÞ ð60Þ
The solutions of mth-order deformation Eq. (58) are as
follows:
f1 x; tð Þ ¼ exq th;
f2 x; tð Þ ¼ exq th 1þ hð Þ þ
t2h2
1þ q

 
;
f3 x; tð Þ¼ exq th 1þhð Þ2þ
2t2h2 1þhð Þ
1þq 
t3h3
1þqð Þ 1þqþq2ð Þ

 
;
f4 x; tð Þ ¼ exq th 1þ hð Þ3 þ
3t2h2 1þ hð Þ2
1þ q 
3t3h3 1þ hð Þ
1þ qð Þ 1þ qþ q2ð Þ
 
þ t
4h4
1þ qð Þ2 1þ q2ð Þ 1þ qþ q2ð Þ
!method for q-diﬀerence equations, Ain Shams Eng J (2016), http://dx.doi.org/
a b
c d
Figure 1 h-curves of
dq
dqx
F5

x¼0
for different values of q of Example 1.
a
b
Figure 2 h-curves of
d2q
dqx2
F6ðxÞ

x¼0
for different values of q of
Example 2.
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10.1016/j.asej.2016.02.005and so on. The analytic approximation solution is
FM x; tð Þ ¼
XM
m¼0
fm x; tð Þ ¼ exq  exq thþ exq th 1þ hð Þ þ
t2h2
1þ q

 
þ exq th 1þ hð Þ2 þ
2t2h2 1þ hð Þ
1þ q


 t
3h3
1þ qð Þ 1þ qþ q2ð Þ

þ    ð61Þ
For h ¼ 1, Eq. (61) becomes
FM x; tð Þ ¼ exq 1þ tþ
t2
1þ qþ
t3
1þ qð Þ 1þ qþ q2ð Þ


þ t
4
1þ qð Þ2 1þ q2ð Þ 1þ qþ q2ð Þ þ   
!
¼ exq 1þ
t
1½ q!
þ t
2
2½ q!
þ t
3
3½ q!
þ t
4
4½ q!
þ   
 !
¼ exq
XM
i¼0
ti
i½ q!
ð62Þ
The limit f x; tð Þ ¼ limM!1FM x; tð Þ ¼ exq etq is an exact solution
of (56). The same result can be obtained by using the q-
differential transform [10].5. Conclusion
In this study, the homotopy analysis method is successfully
extended to q-differential equations. The q-diffusion equation
and some examples are analytically investigated to show themethod for q-diﬀerence equations, Ain Shams Eng J (2016), http://dx.doi.org/
The homotopy analysis method 7efficiency and the importance of the proposed method. The
results demonstrate reliability and efficiency of the algorithm
developed.
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